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ABSTRACT. The vacancy-defect bi-layer graphene has been theoretically confirmed to have the 

ferromagnetism which would exhibit from the atomic sites around the vacancy defects. The purpose 

of the research is to respectively investigate the external and internal charge transfer effects on the 

ferromagnetism induced from the vacancy-defects. The calculations in the study show that The 

ferromagnetic magnetization only exists on the interior edges around the vacancy sites and could 

be suppressed by the internal coupling between both layers, which leads to a trade-off between the 

ferromagnetism formation and the increase of dimensionality. Eventually, the layer-layer couplings 

stabilize the magnetization as well as cause the decrease of the magnetization. Furthermore, the 

external charge transfer or called charge doping, sensitively reduces the ferromagnetism in either 

negative or positive doping. On the contrary, the internal charge transfer between both layers 

hardly makes any change to the ferromagnetism. 

 

1. Introduction 

Modeling simulation is a very good training method in calculation education for students (Wu 

2015, Cheng 2014). In this study we employ a Hamiltonian to modeling a vacancy-defect bi-layer 

graphene and calculate its ferromagnetism. Carbon based materials are anticipated as the candidate 

of the next generation of electronic devices(Chen 2007). Graphene reveals both excellent properties 

in extremely high conductivity and long spin coherent length, because of the massless conduction 

carriers in the Dirac linear bands and the relatively small spin-orbit coupling from its light 

molecular weight, respectively(Neto 2009, Novoselov 2005). If the graphene can exhibit the 

ferromagnetism, it will become a good candidate material for the carbon based spintronics 

(Tombros 2007, Haugen 2008, Yazyev 2008). Up to now, scientists propose diverse methods to 

induce the ferromagnetism in graphene (Kan 2008), e.g., doping magnetic ions (Dugaev 2006, 

Santos 2010) or non-magnetic ions (Wu 2008), creating structure defects(Palacios 2008, Spemann 
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2003, Nair 2012), etc. The ferromagnetism appearing on the zigzag edges of ribbon is one 

inspiration of the magnetism induction in graphene. Eventually, the magnetism was confirmed from 

the "localized" edge states (Joly 2010, Uchoa 2008, Fujita 1996, Kumazaki 2008, Son 2008). 

Similarly, a single layer graphene with point defects will also be predicted to exhibit the 

ferromagnetism in case of similar edges around the point defects. These approaches have been 

theoretically employed to investigate the appearance of ferromagnetism around the point defects 

(Sun 2013, Lehtinen 2004). Actually, there are many forms of point defects in a graphene, 

including the vacancies, impurities and structure distortions, etc (Banhart 2011, Hashimoto 2004). 

We just focus on the point defect of the vacancies in this study. Apparently, the simplest method for 

making the vacancies in a graphene is to employ the irradiation of heavy ions. Obviously, when the 

irradiation is active, some charges on the carbon atoms of graphene will transfer inwards or 

outwards, the phenomenon of which is similar to that of proceeding electron(Wang 2009) or hole 

doping (Gierz 2008)to the graphene, respectively. To simplify the calculation, we let the 

vacancy-defect graphene have a smallest unit cell, namely, in a highest vacancy level the structure 

is depicted in Fig. 1 (a). In figure 1, we assume the magnetism in the vacancy-defect graphene with 

various vacancy concentrations have the same property and just show the different quantity. 

Because the serious spin frustration initially exists in the two-dimensional system (Takahashi 1997), 

a magnetic graphene will be not a good candidate material for the spintronics any longer. In short, 

the ferromagnetism is expected to exist in the point-defect graphene, while this graphene will be 

suppressed by the spin fluctuation induced from the low dimensionality. The bi-layer graphene out 

of two dimensional ideal systems will suppress the spin fluctuation instead. We thus propose to 

strengthen the ferromagnetism by means of increasing the dimensionality from constructing the 

point-defect graphene on a perfect graphene. Meanwhile, the inter-layer coupling will 

spontaneously be induced in the bi-layer graphene. 

In this study, the structure of the magnetic bi-layer graphene comprises a top layer graphene 

with point defects and a perfect structured graphene on the bottom. Similar to the graphite, both 

layers are constructed by AB stacking to form a stable state (Aoki 2007). According to many 
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experimental techniques for constructing the bi-layer system, we will not discuss the related issue 

especially for the theoretical frame in this study. However, the coupling between both graphene 

layers needs to be considered, because the ferromagnetism will be affected by the coupling. Due to 

the layer-layer coupling, the charge transfer will occur. 

In a graphene, each carbon atom bonds with each other in sp2 configuration and results in a 

dangling π bond, in which an electron is restricted in the  π  orbit, namely, each carbon atom 

has a π electron. The π bond plays two roles in the conducting along the plane of each layer and 

the coupling with another layer, respectively. The orbital potentials of the atoms in the edge sites of 

vacancy defects will be relatively low, compared to other atoms, because of the truncation in the 

covalent bonds. Similarly, the Coulomb repulsion is reduced on these edge atoms, because their 

orbital spaces of electrons could extend to the vacancy sites. Due to the relatively low Coulomb 

repulsion on the atoms around the point defects, the doping electrons will occupy the top parts (lay) 

of these atoms preferentially, which makes the ferromagnetism varied. Similarly, the charge transfer 

occurs from the bottom layer to the top one, in which the transferred electrons will preferentially 

stay in these atoms too. On the contrary, in the hole doping the doped holes will approach to the 

atoms, instead of being adjacent to the point defects. Eventually, we investigate both effects on the 

ferromagnetism through different charge types of carrier doping and the charge transfer between 

graphene layers through this study. 
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Fig. 1 (a) The structure of vacancy-defect bi-layer graphenes. (b) The unit cell of vacancy-defect 

graphene in the top layer of (a). There are 7 atoms as indexed in a unit cell. 

 

2. Theoretical Description 

We begin the calculation by constructing the total Hamiltonian to a matrix form which 

comprises four sub-matrices corresponding to four sub-Hamiltonian, including top layer of 

vacancy-defect graphene, bottom layer of pure graphene, and two sub-matrices in the off-diagonal 

sites representing for the couplings between both layers, respectively. The scale of the Hamiltonian 

matrix is extended to 15 × 15 for each spin carrier, indexed by σ, because each unit cell has 7 

atoms in the vacancy-defect graphene and 8 atoms in the pure graphene, respectively. 

The sub-Hamiltonian of the top layer of vacancy-defect graphene, 

���, is 

 

	��� = ∑ 	
,�
,��� �
��� + ∑ ��
�
��
 + �
� ∑ �
�
,��
,��

��
�

����
�

� ,
��             (1) 

 

where �
  and (�
� ) is the annihilation (creation) operator for site i=1,2,…,7 whose relative 

positions [refer to Fig. 1(b)] are ����� = ! ",�
�√$%, ����� = (0, √3/2) , �$��� = (1/2,2√3/3),�-��� = (1, √3/

2) ,�.��� = (1,1/2√3),�/��� = (1/2,0) and ���� = (3/2,0), respectively. The notation 	
,�  represents 

the nearest hopping between the i and j sites,herein we suppose the hopping integral between the 

nearest neighbor sites are the same,	
,�= V. We index the seven atoms of the unit cell around the 

vacancy-defect to two groups. Four atoms are indexed by i=1,3,5,7. Three atoms very adjacent to 

the vacancy are indexed by i=2,4,6.�
 is the orbital energy for each carbon atom. The last term in 

Eq.(1), with �
,�  and �
,��  being the particle number operators, accounts for the Coulomb 

repulsion on site i with strength �
>0 which gives the electrons on site i carrying spin σ = ±1/2 

to exert repulsive forces to spin 12 = −σ. In order to decouple the four operators of Coulomb 

interaction to two operators of that, we take the mean field 

approximation,�
�
,��
,�� = �
〈�
,�〉�
,�� + 〈�
,��〉�
,� − �
〈�
,�〉〈�
,��〉.The whole system of infinite 
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two-dimension is formed by the translation vectors,6� = (2,0)And 6� = (−1, √3) i.e., the total 

sub-Hamiltonian is obtained by repeating the unit-cell Hamiltonian (1) with displacements 

n6�+m6�,where n and m are integers. 

The sub-Hamiltonian in the bottom layer of pure graphene �77 is similar to eq. (1) with the 

same unit vectors instead of the vacancy sites. The off-diagonal sub-matrices in the whole 

Hamiltonian matrix, ��7and�7�, are the coupling interactions between both layers. In the coupling 

matrices, we consider the couplings of the nearest neighbor and the secondary nearest one between 

atoms from both layers. The nearest neighbor coupling 	8 is coupling for the top to top atoms. The 

secondary nearest neighbor coupling 	9 is the coupling from the atom to next nearest neighbor 

atoms. Consequently, these four sub-matrices form the matrix of the total Hamiltonian, 

 

H = ;��� ��7�7� �77<,                               (2) 

 

Since the system is unit-cell translation invariant, the Hamiltonian can be represented in the 

momentum =�  and the total Hamiltonian on a basis of the crystal momentum =�  is block diagonal. 

For brevity, subsequently, we will use �
,�to notate〈�
,�〉, the quantum-thermal average number of 

the particle occupation. 

To determine the occupation �
,�, we consider minimizing the free energy, 

 

F = − �
? =@A ∑ ln �1 + D;E�FG,HIJK<� − �

�? ∑ �
�
�
,��,
,�L,M� ,�              (3) 

 

subject to the initial constrain of half-filling (i.e., occupation number on each atomic π orbit 

is one) before the charge doping from the heavy ions bombardment and the charge transfer between  

the graphenes. 

 

�
,� + �
,�� = 1 

�L,�is the α-th eigenvalues of the spin-σ Hamiltonian (1), μ is the chemical potential determined 
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by 

∑ �
,� = ∑ PQR�L,�S = 15L,�
,� ,                        (4) 

 

with PQ(U) = V1 + exp	[(U − [)/(=@A)]]�� being the Fermi-Dirac distribution function , μ the 

chemical potential, =@  the Boltzmann constant, and T the temperature. The problem of 

minimization can be solved by adopting the Lagrange multiplier to find appropriate seven ^
 and 

fourteen �
,� and �
,��  that satisfy, fourteen (i=1,2,… 15 and σ = ± �
�) 

 

∇F = ∑ ^
∇`

 ,                                  (5) 

 

equations with ∇= ∑ a
abc,H

�.
�� D̂
,� and D̂
,� being the unit vector, and seven (i=1,2,… 15) 

 

`
 = R�
,� + �
,�� − 1S = 0                            (6) 

 

equations. In the present case, further simplification can be obtained by eliminating ^
 in Eq. (5) 

to give seven ( i=1,2,...15) 

 

ef
egh,i = ef

egh,i�                                 (7) 

 

equations. We note that the minimization objective F is a function of �
,� and �
,�� ,because F is a 

function of μ determined by the �
,�-dependent Eq. (4), and �L,� is obtained by solving the 

eigen problem of the �
,�-dependent Eq. (2); the partial derivative in Eq. (7) thus reads,∂F/
∂��,� =	∑ PQR�
,�S
,M,� [k�
,�(=)/k��] − ����,��  . The seven equations in Eq. (7) together with the 

seven equations in (6) is sufficient to solve the fourteen �
,� and�
,�� . The magnetization of each 

lattice site is eventually determined by m(i)=(�
,�/� − �
,��/�)/2, i.e., one half of the difference 

between opposite spin carrier numbers on site i. It is worth mentioning that the spin quantum 

fluctuation is ignored in this present mean-field approach, while this fluctuation can be reduced if 

the point-defect graphene couples with a defect-free graphene. Similarly, in treating the doping 

cases, either negative or positive, we just need to modify the total carrier density and each site 
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density in eq.(4) and eq. (6), respectively. 

 

3. Results and Discussion 

According to the previous work we presented, the ferromagnetism in a single layer 

honeycomb structure with vacancy defects  appears around the vacancy sites and significantly 

exist on sites 2, 4, 6 and 7th in a unit cell. The magnetization on sites 1, 3 and 5th sites will be 

ignored, even though a very small antiferromagnetism occurs. We have confirmed that the 

ferromagnetism originates from the interior edges (i.e., 2, 4, 6 and 7th sites) which provides the 

edge bands intersecting the Fermi-level and the ferromagnetism shows up under large enough 

on-site Coulomb repulsions. In the bi-layer graphene, the structure as shown in Fig. 1 (a), the 

inter-layer coupling will be spontaneously induced. There are two different couplings, 	8 and 	9, 

the nearest neighbor and the secondary nearest neighbor from top layer sites to bottom layer sites, 

respectively. We suppose that 	8 should be larger than 	9 because of shorter site to site distances. 

In this paper we set 	8/	9  is 4/3 a rough estimation by their distance ratios. The magnetic 

properties in the bi-layer case are similar to the single vacancy-defect layer. The ferromagnetism 

only exits on the vacancy-defect top layer, as shown in Fig. 2. Interestingly, by the calculations we 

discover these inter-layer couplings will suppress the ferromagnetism, as shown in Fig. 3. In 

particular, all ferromagnetism on different sites will disappear with the same critical coupling 

strength. In comparison with the result of fig. 2, the increase of coupling is equivalent to the 

decrease of Coulomb repulsion. The result is rational because the carriers on the edge states in the 

vacancy-defect layer gain an extra degree of freedom through the layer-layer couplings and further 

move to the bottom layer, which reduces the effective Coulomb repulsion on carriers. Therefore, 

there is a trade-off between the reduction of the spin fluctuation and the increase of the internal 

couplings. Furthermore, this result also implies the fact that the ferromagnetism will decrease with 

the increase of applying pressure, because the couplings increase through the reduction of the site 

to site distances. 
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Fig. 2 The magnetization of each atomic site in the unit cell of vacancy

function of the nearest neighbor coupling,

 

Fig. 3 The magnetization on each atomic site 

of vacancy-defect graphene at room

nearest neighbor couplings, Vm a
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The magnetization of each atomic site in the unit cell of vacancy-

rest neighbor coupling,Vm, at room temperature, 300 K. 

each atomic site as a function of Coulomb repulsion U 

at room temperature 300 K. The nearest neighbor and the 

and Vn, are 0.4 and 0.3 eV, respectively. 
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Fig. 4 The magnetization on each atomic site in the unit 

function of external carriers doping ratio at room 

secondary nearest neighbor couplings, 

(hole) doping is negative (positive).

 

Regarding the experimental issue, we propose the vacancy defects

heavy ions bombardment. During the

transferred to the sample from the incident heavy ions. We also

transferred charges be uniformly distributed on every atom

this assumption, we restrict the carrier density on every 

calculation results indicate that the external charg

magnetization decrease in either negative or 

implies that every charge doping process to the ferromagnetic 

the ferromagnetism. Actually, we can take a close inspection

ferromagnetism exists in a very sma

understanding before, that the ferromagnetism of the vacancy

edge states with different spin sp
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each atomic site in the unit cell of vacancy-

l carriers doping ratio at room temperature 300 K. The nearest nei

secondary nearest neighbor couplings, Vm and Vn, are 0.4 and 0.3 eV, respectively. The electron 

(hole) doping is negative (positive). 

Regarding the experimental issue, we propose the vacancy defects could be created by the 

ons bombardment. During the bombardment, some charges, either negative or positive, are

transferred to the sample from the incident heavy ions. We also suppose that the distributio

uniformly distributed on every atomic site of the bi-layer sample. 

ct the carrier density on every site to be the same in our calcul

indicate that the external charge transfer (or called as charge 

ase in either negative or positive charge transfer. In fa

ng process to the ferromagnetic graphene-like samples could reduc

we can take a close inspection to the result that the maximum 

ferromagnetism exists in a very small n doping, as shown in Fig. 4 ,  and will find the fact, as our

ferromagnetism of the vacancy-defect graphene originates from the 

spin splitting. The Fermi-level mostly intersects the edge bands of 

Journal of Computers and Applied Science Education                              Volume 2, Number 3, 2015 

 

-defect graphene as a 

nearest neighbor and the 

respectively. The electron 

could be created by the 

bombardment, some charges, either negative or positive, are 

suppose that the distribution of the 

layer sample. Based on 

site to be the same in our calculations. The 

e transfer (or called as charge doping) makes the 

positive charge transfer. In fact, this result further 

like samples could reduce 

to the result that the maximum 
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reason the small increase of the Fermi

the density of the majority spin increases. As the 

intersect the minority edge bands, which makes 

On the contrary, in the small p doping, the F

majority edge bands decreases, which leads to the 

small n doping, the ferromagnetism decreases with

or positive and disappears eventually. The

bands filling with the increase of charge doping

doping effect on the suppression of 

doping to completely suppress the ferromagnetism. This result is clearly

the ferromagnetism of the vacancy

bands, since these edge bands ar

doping. 

 

Fig. 5 The magnetization on each atomic site in the unit cell of vacancy
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ajority spin. The edge bands of minority spin are just slightly above the majority bands. For this 

he Fermi-level, i.e., n doping, before touching the minor

majority spin increases. As the n carriers keep increasing, the 

inority edge bands, which makes the ferromagnetism begin to decre

in the small p doping, the Fermi-level decreases, while the spin 

decreases, which leads to the decrease of the ferromagnetism. 

the ferromagnetism decreases with the increase of charge doping, 

itive and disappears eventually. The ferromagnetism decreases owing to 

with the increase of charge doping. In particular, the results of this study show that the 

ng effect on the suppression of ferromagnetism is very sensitive. It is approximately 4

to completely suppress the ferromagnetism. This result is clearly derived from the fact

vacancy-defect graphene mostly originates from the spin

bands, since these edge bands are very close to the Fermi-level and lead sensitiveness to to carrier 

each atomic site in the unit cell of vacancy-
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ve the majority bands. For this 

before touching the minority edge bands, 

n carriers keep increasing, the Fermi-level will 

the ferromagnetism begin to decrease obviously. 

level decreases, while the spin density of the 

decrease of the ferromagnetism. Except the very 

the increase of charge doping, in either negative 

ferromagnetism decreases owing to the minority spin 

this study show that the 

sitive. It is approximately 4% 

derived from the fact that 

inates from the spin-split edge 

and lead sensitiveness to to carrier 

 

-defect graphene as a 
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function of internal charge transferred carriers at room temperature 300 K. The nearest neighbor 

and  the secondary nearest neighbor couplings, Vmand Vn, are 0.4 and 0.3 eV, respectively. The 

positive (negative) charge transfer represents carriers transferring from bottom layer (top layer) to 

top layer (bottom layer). 

 

On the other hand the internal charge transfer is a possible approach different from the 

external charge transfer as mentioned above. It is worth noting that the charge carriers only transfer 

between both layers. We suppose some cases could induce the internal charge transfer. For instance, 

once the internal energy between both layers is out of balance, it will reconstruct vacancy defects. 

If the transferred charges are also uniformly distributed to every atomic site, the calculating results 

will be very different from the external cases. The magnitude of the magnetization is almost 

unchanged, as shown in Fig. 5. This result reconfirms that the ferromagnetism is closely related to 

the edge bands and Fermi-level. Since in the internal charge transfer the total carriers are not 

changed, the result leads to the Fermi-level unchanged and a constant ferromagnetism. 

In the summary, the bi-layer vacancy-defect graphene, containing vacancies on the top layer 

and a perfect graphene as a bottom layer, shows the ferromagnetism on every atomic site under a 

proper on-site Coulomb repulsion. The ferromagnetic magnetization only exists on the interior 

edges around the vacancy sites. Our calculation results reveal the fact that the internal coupling 

between both layers suppresses the ferromagnetism, which leads to a trade-off between the 

increases of dimensionality. The coupling stabilizes the magnetization and as well as causes the 

decrease of the magnetization. The external charge transfer or called charge doping, sensitively 

reduces the ferromagnetism in either negative or positive doping. On the contrary, the internal 

charge transfer between both layers hardly makes any change to the ferromagnetism. 
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