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ABSTRACT. The hand-eye calibration refers to the determination of the transformation
relationship between a robot’s hand and a camera. Previous research has predominantly
addressed the hand-eye problem from a mathematical standpoint, yielding hand-eye ma-
trices that exhibit satisfactory precision in ideal numerical simulations but often fail to
adapt to the environmental noise encountered in practical applications. To attain a highly
robust and precise hand-eye matrix, we propose an enhanced robust hand-eye calibration
model adapted to noise information (ERHEC-NI). ERHEC-NI firstly obtains an initial
estimate of the hand-eye matriz by the Tsai method. Then it fine-tunes and optimizes the
initial value by incorporating the noise information from a small number of sample points
in the environment, thus enhancing the result’s robustness. We evaluate the performance
of ERHEC-NI through numerical simulations and experimental evaluations. The results
demonstrate its superiority over existing relevant approaches.

Keywords: Robot, Hand-eye calibration, Noise information, Tsai

1. Introduction. In recent years, the rapid advancements in robotics technology and
computer vision have propelled Visual Guided Robotics (VGR) [1] to become an integral
component of artificial intelligence and global industrial development [2]. With visual
sensors, VGR systems are capable of perceiving and comprehending their surrounding
environments, enabling autonomous operation, intelligent manufacturing, quality control,
human-robot collaboration, and augmented reality [3] applications. In the field of ar-
tificial intelligence, the visual capabilities of VGR systems are paramount for achieving
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autonomous intelligence and facilitating interaction with the environment. However, in
order to enable robots to accurately perceive and comprehend objects and scenes in their
surroundings, it is imperative to establish a precise transformation relationship between
the robot’s hand and the camera. This relationship facilitates crucial tasks such as visual
guidance, object grasping, and target localization. The process of determining the precise
transformation relationship between the robot’s end-effector and the camera is commonly
referred to as hand-eye calibration [4].

In the realm of industrial development, hand-eye calibration plays a pivotal role in
intelligent manufacturing and quality control within the domain of computer vision. By
establishing a precise calibration of the relationship between a robot’s hand and the cam-
era, it becomes feasible to achieve streamlined production processes and accurate object
grasping, thereby enhancing both production efficiency and product quality. Moreover,
hand-eye calibration ensures the safety and coordination between robots and operators in
human-robot collaborative scenarios, facilitating the joint completion of intricate tasks.
Within the domains of augmented reality and virtual reality, hand-eye calibration consti-
tutes a critical technological underpinning, providing indispensable support for immersive
virtual experiences and the realization of augmented reality effects. In recent years, the
application of hand-eye calibration techniques in the field of medical instruments has also
gained an increasing development [5, 6, 7, §].

However, accurately estimating the precise transformation relationship between a ro-
bot’s end-effector and a camera presents significant challenges for engineers and researchers.
Shiu and Ahmad [9] were the pioneers who mathematically formulated the hand-eye cal-
ibration problem as a mathematical solvability issue represented by the equation AX =
X B (where X represents the hand-eye matrix). They employed a linear closed-loop so-
lution to address this equation. Subsequently, a host of methods have been proposed by
scholars to solve the hand-eye calibration equation [10]. Tsai et al. [11] introduced an
approach based on the concept of axis-angle transformation to solve the hand-eye equa-
tion. Park et al. [12] proposed a separable solution strategy, wherein the rotation matrix
is firstly obtained using the principles of least squares, followed by the computation of the
translation matrix using the resultant rotation matrix.

The aforementioned methods employ a separable computational framework to sequen-
tially solve for the rotation matrix and translation vector in the hand-eye matrix. The
estimation of both rotation and translation parameters is achieved through linear algebraic
methods. While these methods often yield satisfactory outcomes in ideal numerical sim-
ulation environments, their practical application is subject to the introduction of noise
stemming from camera calibration and the motion of the robotic arm. Consequently,
the linearization process of the rotation equation within the two-step approach becomes
impractical for real-world scenarios. Furthermore, the two-step methodology tends to
propagate errors from rotation estimation to translation estimation, thereby exhibiting
limited robustness when confronted with noise in real-world scenarios.

To better accommodate the inherent noise in real-world scenarios and enhance the
precision of hand-eye calibration, numerous scholars have proposed to utilize nonlinear
optimization methods to simultaneously determine the rotational and translational com-
ponents within the hand-eye matrix. These methodologies include approaches such as
Inria [13], Kronecker [14], and Dual Tensor [15]. Furthermore, a number of approaches
adopting the principles of global optimization have been introduced [16]. These methods
have demonstrated enhanced robustness compared to two-step computational solution,
and they are capable of yielding more accurate outcomes in hand-eye calibration. How-
ever, their implementation often entails complexity, potentially impeding computational
efficiency. What is more, optimization methods may not guarantee convergence, and the
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resultant solutions frequently encounter challenges associated with local minima, thereby
compromising the stability of the algorithms.

Regardless of whether researchers employ a step-wise or synchronous methodology, their
focus predominantly revolves around the exploration and investigation of approaches to
effectively solve the mathematical problem of the hand-eye equation AX = X B. The eval-
uation of the results is accomplished by decomposing the hand-eye equation and conduct-
ing a comprehensive analysis from both rotational and translational aspects. However,
when applying the hand-eye matrix in practical scenarios, it is often subjected to various
degrees of noise originating from multiple sources within the system, including cameras,
robotic arms, and operational environments. Although traditional solution methods may
yield satisfactory results at the theoretical level, their practical accuracy is significantly
compromised when confronted with such diverse noise, thereby lacking the desired robust-
ness. Consequently, the key challenge in the further advancement of hand-eye calibration
techniques lies in obtaining a hand-eye matrix that possesses both robustness and noise
resilience.

In order to address the aforementioned issues, we propose an enhanced robust hand-
eye relationship estimation model called ERHEC-NI that incorporates noise information
into the hand-eye matrix. This model not only preserves the stability of traditional
algorithms but also adapts to the noise in the scene, exhibiting excellent robustness and
accuracy. ERHEC-NI initially utilizes the Tsai to obtain an initial value for the hand-eye
matrix. To incorporate noise information into the hand-eye matrix, we combine a small
amount of real sample data with the noise information and optimize the initial value of
the hand-eye matrix through an objective function. Furthermore, unlike the traditional
evaluation metrics shown in Equation (6) and (7), we assess the quality of the hand-eye
matrix based on the error between the true three-dimensional coordinates of target points
and the calculated coordinates. ERHEC-NI effectively integrates the noise information
from the scene into the hand-eye matrix, thereby enhancing the stability, robustness, and
accuracy of the algorithm in practical applications. We validate the feasibility of this
method through both numerical simulations and experimental validations.

2. Related Work.

2.1. Camera Calibration. The research findings suggest that camera calibration is not
independent of hand-eye calibration, as a precise hand-eye relationship is often contingent
upon a robust camera calibration result [4]. Camera calibration refers to the process of
establishing the geometric relationship between real-world target points and their cor-
responding image points by utilizing two-dimensional plane information in conjunction
with a limited amount of three-dimensional spatial information. The Zhang calibration
method [17] has played a significant role in the development of camera calibration tech-
niques. Zhang proposed the adoption of a chessboard pattern as the calibration target for
analysis and processing, enabling the derivation of both the intrinsic and extrinsic camera
parameters. Moreover, alternative calibration targets, such as solid circles [18], concentric
circular rings, and various novel templates [19], have been introduced in recent years. In
this study, we will employ the Zhang calibration method for the camera calibration.

2.2. Hand-Eye Calibration. Ever since the appearance of the hand-eye equation AX =
X B, scholars have embarked on a comprehensive exploration and investigation of this
problem. In addition to the aforementioned approaches, various other methodologies have
been proposed, including Dual Quaternions [20, 21], Screw Motions [22], and more. Each
of these methods possesses distinct advantages and limitations at the mathematical level.
However, they often fail to adequately consider the noise interference within the scene,
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leading to a lack of robustness and stability, thereby impeding their practical applicability
and achieving satisfactory results.

Furthermore, scholars have also introduced the concept of minimizing re-projection
errors to solve the problem of hand-eye calibration [23]. This method offers promising
prospects by mitigating the impact of noise on the algorithm and enhancing solution
accuracy. However, it primarily considers noise arising from camera calibration, and
limits its comprehensive evaluation to the mathematical level. Moreover, re-projection
error-based techniques often necessitate specific constraints on the camera’s field of view,
thereby diminishing their generalizability.

To overcome these limitations, [24] proposed a novel approach that utilizes measured
values in the world coordinate system to determine the geometric relationship between
the robot and the world, subsequently establishing the hand-eye matrix. But this method
still requires further refinement to achieve the desired levels of accuracy and robustness.

With the advancement of neural network technology, researchers have begun incorpo-
rating neural network techniques into hand-eye calibration [25, 26]. The utilization of
artificial neural networks in hand-eye calibration can be viewed as establishing a mapping
relationship between the hand coordinates in the robot’s base coordinate system and the
image coordinates corresponding to the calibration object. By training the model, the
desired hand coordinates can be obtained from the observed object positions captured
by the camera. One advantage of this approach is its ability to operate without prior
knowledge of camera parameters or pose estimation. This stems from the remarkable ca-
pacity of artificial neural networks to generalize nonlinear relationships among variables,
rendering them suitable for handling noisy data. However, it is worth noting that training
neural networks often necessitates a substantial amount of data, thereby rendering each
hand-eye calibration task excessively laborious.

3. Problem Statement.
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F1GURE 1. Coordinate conversion relationship of hand-eye calibration
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3.1. Mathematical Modeling. Hand-eye calibration aims to determine the transforma-
tion matrix between the end-effector and the camera. Figure 1 illustrates the scenario of a
single calibration, where T, X, and 75 represent the transformation matrices between the
world coordinate system and the camera coordinate system, the camera coordinate system
and the robotic arm’s end-effector coordinate system, and the robotic arm’s end-effector
coordinate system and the base coordinate system, respectively. Given the fixed relative
position between the calibration board and the robotic arm base, when the robotic arm
is moved, the relationship between adjacent poses satisfies the following Equation (1):

where the variables 7] and T represent the transformation relationships between different
coordinate axes after the robotic arm is moved.
Based on matrix transformations, Equation (2) can be derived as followed:

Ty X = XT{T (2)

Consider the left side of the Equation (2) as A and the right side as B, which is the
classical equation AX = X B for hand-eye calibration. Decoupling AX = X B yields:

_RA tA _RB tB _RX tX
Sl O Rt A EE e U

where R and t respectively represent the rotation matrix and translation vector.
By substituting the decoupled results back into the equation AX = X B, we obtain
Equation (4) and (5):

RiRx = RxRp, (4)

Ratx +t4 = Rxtp +tx. (5)

Upon observing Equation (4) and (5), it is evident that solving for X requires a mini-
mum of two sets of data, which means we need to perform at least three transformations
on the robotic arm. However, in practical applications, to enhance the accuracy, multiple
transformations of the robotic arm are typically performed to obtain the result.

By deriving Equation (6) and (7) from Equation (4) and (5) respectively, these two
equations are commonly employed by researchers as metrics for evaluating the quality of
the hand-eye matrix.

1 < , .
er =~ |[RiRx — RxR|r, (6)
=1
1 — . . ,
=1

3.2. The Conversation of 2D to 3D. In order to establish the transformation rela-
tionship between a two-dimensional image and a three-dimensional space, we can refer to
the work presented in [17], where Equation (8) can be derived as followed:

u fe 0 wuy O R 4 i(/w
U:ojg,voo[oﬂ ﬂZW, ®)
1 0 0 1 0 W

where u and v represent pixel coordinates, Xy, Yy, and Zy, represent world coordinates,
fas fys w0, and vy represent parameters in the intrinsic matrix, 77 has the same transfor-
mation relationship as defined in Section 3.1, and Z. represents depth information.
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From the transformation relationship shown in Figure 1, we can obtain Equation (9)
as followed:
Xw
Yw
ol ©
1

- TQXTl

— N e s

where x, y, and z represent the coordinates in the base coordinate system, Xy, Yy, and
Zw represent the coordinates in the world coordinate system, and 75, X, and T} are
defined the same as in Section 3.1.

By combining Equation (8) and (9), we can derive Equation (10) as followed:

xr
U fe 0 wuy O -1 -1
1 0O 0 1 0 1

where Rx and tx represent the rotation and translation parts of the hand-eye matrix,
T, has the same transformation relationship as defined in Section 1.1, and z, y, and z
represent the coordinates of the target point in the base coordinate system.

4. Model. To effectively accommodate the noise inherent in the scene, we propose a
model named ERHEC-NI. ERHEC-NI takes a set of calibration data and a small amount
of sample point with noise information as input and outputs a highly robust and accurate
hand-eye relationship matrix. This model achieves the complete process of target grasp-
ing by a monocular vision robot while obtaining a highly precise hand-eye matrix. The
architecture of the model is illustrated in Figure 2. The yellow Pose module in Figure
2 represents the end-effector pose information corresponding to each calibration image.
The pink Pre-Data module represents the prepared sample point information, where each
sample point’s information includes its three-dimensional coordinates P in the base co-
ordinate system, its pixel coordinates p in the image, its depth information Z., and the
corresponding end-effector pose GG of the image. Therefore, the Pre-Data module contains
n sets of data, corresponding to n sample points, and the i-th set of the data contains
{Piapi7 Zcia G’L}

iteration

[ Tsai H Filter }—> Unprojection Nelder-Mead

FI1GURE 2. Framework of ERHEC-NI model
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4.1. Key Frame Selection. In order to obtain a better initial value for the hand-eye
matrix, we aim to identify a set of suitable keyframes as input to the model. To provide
enough motion parallax and maintain the algorithm stability, we select the input frames
based on a specified maximum and minimum relative rotation angles (R,,q, and R,,;,) and
maximum and minimum relative translation distances (f;,q; and t,;,) between adjacent
frames. The keyframes, along with their corresponding end-effector pose information, are
then passed to the Tsai module, resulting in the initial value X of the hand-eye matrix
denoted by the blue circle (the initial value X needs to be obtained through the Filter
module first, which will be introduced in Section 4.2). In the T'sai module, we integrate the
Zhang calibration method to perform camera calibration, further enhancing the accuracy
and reliability of the hand-eye calibration process.

4.2. Imitial Value Filtering. In order to provide a higher-quality initial value for the
subsequent optimization of the hand-eye matrix, we perform an initial filtering of the
matrix within the filter module. The filtering approach employed here is computing the
coordinates of the top-left corner of the chessboard pattern (assumed to be the origin of
the world coordinate system, denoted as Wy = [0, 0,0, 1]) in the coordinate system of the
robotic arm base. The calculation method is illustrated by Equation (9). Subsequently,
the mean square deviation of the values along each axis is computed, resulting in e,, e,,
and e, as shown in Equations (11), (12), and (13) respectively.

1 n
er=,|— Y (x;—12)? (11)
\ g
1 n
ey == D _Wi—19)> (12)
\ i
1 n
e, =, — ) (2 —2)2 (13)
\ [

where e,, e,, and e, respectively represent the errors along the three axes, x;, y;, and z;
respectively represent the coordinates in the base coordinate system of the top-left corner
points of the calibration board in the i-th calibration image.

Through subsequent experiments, it can be concluded that we prefer to obtain an
initial value of the hand-eye matrix with an error of less than 3mm for each axis. We
acknowledge that such evaluation metrics still have limitations in fully considering the
presence of noise. However, compared to the traditional evaluation metrics represented
by Equations (6) and (7), these metrics provide a more geometrically intuitive perspective.

4.3. Unprojection. The purpose of the orange Unprojection module in Figure 2 is to
compute the coordinates of the sample points from the Pre-data module in the base
coordinate system, given the current hand-eye matrix X. By inputting the data from the
Pre-data module, it achieves the transformation of target points from a two-dimensional
plane to a three-dimensional space. The specific implementation process is demonstrated
by Equation (10).

The Unprojection module is designed to compute the predicted three-dimensional co-
ordinates of the sample points under the initial value X, for the purpose of subsequent
comparison with their actual three-dimensional coordinate values.
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4.4. Noise Information Fusion. In our research, we establish the ground truth hand-
eye matrix as the one that accurately captures the transformation relationship between
the pixel coordinates of target points and their corresponding true three-dimensional
coordinates within a specific scene. To obtain the results that closely approximate the
ground truth, we optimize and fine-tune the initial value X by a small set of sample point
data with noise information. This approach aims to refine the initial value of the hand-
eye matrix by incorporating the noise characteristics into the initial value X, thereby
enhancing its alignment with the ground truth.

In the Nelder-Mead module depicted in green, we employ the Nelder-Mead algorithm
[27] to systematically optimize each parameter of the hand-eye matrix X by the objective
function. The optimization process follows the way illustrated by the iteration module
in Figure 2, wherein each iteration updates a parameter values of X that minimize the
objective function. The objective function to be minimized is presented in Equation (14):

win f() = £ 36— w0+ S G- S Y s ()
- 1 1 1 (2 (2 7 )
{Cr [ (e
where [Z,9, 2] represents the true three-dimensional coordinates of the sample points.
The calculated three-dimensional coordinates [z, y, z] are derived through Equation (10),
where the hand-eye matrix X is explicitly manifested.

In the process of optimizing the parameters of X, our decision to individually opti-
mize each parameter is motivated by the purpose to address potential issues such as local
optima and computational inefficiency commonly encountered in multi-variable optimiza-
tion problems. We consider the 12 parameters in the rotation and translation components
of X as a cohesive unit, constituting a single optimization round. To enhance precision,
we suggest conducting multiple rounds of optimization for the hand-eye matrix X. This
iterative approach helps to refine the parameter values and leads to improved accuracy in
the calibration process.

It is apparent that our approach does not involve an exhaustive analysis of the diverse
sources of noise within the hand-eye system, nor does it attempt to address them indi-
vidually. Instead, we adopt a goal-oriented methodology that uses a small set of sample
points to effectively incorporate the noise information present in the system into the ini-
tial value of the hand-eye matrix. Finally, we obtain a result of hand-eye calibration that
exhibits both high robustness and precision.

5. Experiments. In this section, we conducted numerical simulations and experimental
validations successively to assess the feasibility of ERHEC-NI.

5.1. Evaluation Metrics. The traditional metrics presented in Equations (6) and (7)
only provide a mathematical evaluation of the results obtained from different methods
for solving the hand-eye equation AX = X B. While this evaluation approach holds
mathematical rigor, it solely consider the noise introduced during the estimation of the
external parameters in the camera calibration. It fails to consider the various sources
of noise that the hand-eye matrix may encounter during practical applications, such as
the noise introduced by the calibration tool coordinate system, the noise arising from the
estimation of the camera’s intrinsic parameter matrix, the noise from the depth estima-
tion of target points, the noise introduced by the motion of the robotic arm and so on.
Consequently, the direct application of high-quality hand-eye matrices obtained through
traditional evaluation metrics often fails to yield desirable results in real-world scenarios.

Adopting a goal-oriented approach, our primary task is not to find a optimal solution of
the mathematical equation AX = X B under specific constraints, but rather to obtain a
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hand-eye matrix that holds great robustness and noise resilience in real-world application
scenarios. Thus, we define the ground truth hand-eye matrix as the one that accurately
captures the transformation relationship between the pixel coordinates of target points
and their corresponding true three-dimensional coordinates within a specific scene.

We propose a novel evaluation metric that is goal-oriented and incorporates real-world
noise information to evaluate the quality of the hand-eye matrix. Our approach needs to
obtain the pixel coordinates of the target points in the image and utilizing Equation (10)
to estimate their three-dimensional coordinates [x,y, z] in the base coordinate system.
Subsequently, we compare these estimated coordinates with the actual three-dimensional
coordinates [z, 7, Z]. The specific implementation, as presented in Equation (15), needs
to define the error of different hand-eye matrices as the average of the errors along the
three axes.

1 (|iz'—9€z‘|+|@z‘—yi|+|73i—2i|)
x = — E 15
€ n 3 ’ ( )

=1

where ey represents the error corresponding to a certain hand-eye matrix X.

5.2. Numerical Simulations. We conducted numerical simulations to verify the efficacy
of the proposed approach, which optimizes and fine-tunes the initial values of the hand-eye
matrix by using a small number of sample points with noise information. Furthermore,
we analyzed the sensitivity of the hand-eye matrix to different levels of noise before and
after the optimization.

In our simulation experiments, we generated a random 3 X 3 orthogonal matrix Rx
and a 3 x 1 vector tx, which served as a hand-eye matrix X estimated by traditional
methods. The sources of noise in the scene are often complex and difficult to quantify.
Considering that the method proposed in this paper fundamentally incorporates all the
noise information into the hand-eye matrix, we directly introduced Gaussian noise to the
hand-eye matrix X during the stage of noise injection. Specifically, we added Gaussian
noise with a mean of 0 and a standard deviation of 0.01d to each parameter in the rotation
and translation components of X, where d represents the noise level. Consequently, the
resulting X, influenced by the introduced noise, was regarded as the ground truth of
hand-eye matrix, while the noise-free X served as the initial value of the hand-eye matrix.

Fifty pixel points were randomly generated, out of which eight were selected for the op-
timization of the hand-eye matrix X. The resulting refined hand-eye matrix was denoted
as X'. All pixel points were considered as data samples for evaluating the performance of
X'. To capture more comprehensive trends, we repeated the aforementioned procedure
500 times, introducing noise with the same distribution but distinct data each time. The
evaluation metric for the simulation experiments was determined by computing the av-
erage error of the fifty points under various hand-eye matrix computations, as shown in
Equation (15). The remaining parameters involved in the calculations were also randomly
generated.

Subsequently, we set the noise level to d = 1,2,3,...,10. By repeatedly performing
the above calculation steps, we can obtain the error distribution of the hand-eye matrix
before and after optimization under different noises. This analysis is depicted in Figure
3, where the errors corresponding to different noise levels are computed as the average of
500 experimental trials.

Based on the analysis of Figure 3, two important conclusions can be learned: (1)
Compared to the initial hand-eye matrix, the optimization process in this study markedly
improves the precision of hand-eye matrix in the situation of diverse noise sources. (2)
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FIGURE 3. Accuracy of hand-eye matrix before and after optimization un-
der different noise influences

Facing progressively escalating noise disturbances, the error growth of the optimized hand-
eye matrix is significantly lower than that of the initial hand-eye matrix, thereby exhibiting
enhanced robustness and stability properties.

In order to provide a more detailed representation of the numerical values in the simu-
lation experiments, we have included Table 1, which specifically pertains to a noise level
of d =5.

TABLE 1. Accuracy of hand-eye matrix before and after optimization

Maximum Error Minimum Error Average Error Standard Deviation

Method . . . .

(in mm) (in mm) (in mm) (in mm)
Before 12.980 0.485 4.998 2.079
After 1.413 0.068 0.505 0.214

As demonstrated in Figure 3 and Table 1, the concept of refining the initial value of
the hand-eye matrix by using a small number of sample points with noise information
proves to be an effective approach. Furthermore, the resulting hand-eye matrix obtained
through this method exhibits enhanced robustness and higher precision.

5.3. Experimental Validations. In this section, we conducted a series of experimental
validations using a robotic arm to assess the feasibility of ERHEC-NI. The experimen-
tal setup consisted of the ROKAE robotic arm, HIKVISION camera, and an infrared
rangefinder. The calibration board employed followed a standardized 8 x 6 chessboard
pattern, with each individual square measuring 30mm in length. The experimental sce-
nario is depicted in Figure 4, where the robotic arm’s end-effector was equipped with a
precision needle.
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FI1GURE 4. Experimental setting for robotic arm

5.3.1. Experimental Details. Before the experiments, several preparatory steps need to
be performed. Firstly, it is necessary to calibrate the tool coordinate system at the end-
effector of the robotic arm, ensuring that the vertex of the tool TCP (Tool Center Point)
serves as the reference vertex for the end-effector coordinate system. Subsequently, the
robotic arm is manipulated to capture images. Simultaneously obtaining the calibration
images, we select eight sample points to serve as preparatory data for optimizing the initial
values of the hand-eye matrix. These sample points’ pixel coordinates, actual coordinates,
and the corresponding pose information of the image need to be recorded. The method to
obtain the actual three-dimensional coordinates of the target points is illustrated in Figure
5, needing to manipulate robotic arm’s TCP vertex to make contact with the target points,
thereby capturing the TCP vertex’s three-dimensional coordinates in the base coordinate
system of the robotic arm. Finally, employing a similar sampling approach, we select fifty
uniformly distributed sample points within the operational workspace of the robotic arm,
which will serve as the dataset for the subsequent error analysis.

To achieve more generalizable outcomes, we conducted five calibration experiments on
the robotic arm. Each experiment involved capturing 10-15 images. The positional in-
formation of the robotic arm’s end-effector was recorded during image acquisition, and
the parameters A; in the hand-eye calibration equation AX = X B were computed by
multiplying the end-effector pose matrices from consecutive images. Simultaneously, the
camera’s extrinsic matrices corresponding to each image were obtained by the Zhang
calibration method. Similarly, the other parameter B; in the hand-eye equation was de-
termined by multiplying the extrinsic matrices from consecutive images. The hand-eye
matrices were computed using six different methods: Tsai, Inria, Navy, Dual Quater-
nion, ACRW, and ERHEC-NI. Subsequently, we computed the errors and conducted a
comprehensive analysis of the results.
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Target point

F1cURE 5. The way of obtaining the three-dimensional coordinates of tar-
get points

5.3.2. Fxperimental Results. In our study, we conducted comparative experiments be-

tween ERHEC-NI and five other methods. The experimental results are presented in
Figure 6 and Table 2.

L |— Tsai —— ERHEC-NI
70 IV - navy
R Inria
|\ —-- D-Quaternion
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FIGURE 6. Accuracy of different methods in different calibration batches

In accordance with the evaluation metrics defined in Section 5.1, we define the error
of each method as the average of the errors of all the points to assess the performance
of different methods. Figure 6 illustrates the errors of ERHEC-NI and four traditional
methods in different calibration groups. The experimental results show the conclusions
below: (1) Compared to other algorithms, ERHEC-NI shows significant improvement
in accuracy when confronted with environmental noise. The error is reduced from the
millimeter level to below 0.5 millimeters. (2) ERHEC-NI exhibits enhanced stability,
as it can yield precise hand-eye matrices even when initialized with suboptimal values,
thanks to its fine-tuning module. (3) The stability of the four traditional algorithms is
highly dependent on the quality of the calibration data samples, and Tsai demonstrating
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relatively better stability. This is the reason why we choose Tsai as the hand-eye matrix
parameter initialization module.

To present the experimental data more effectively, we selected the fourth group of exper-
iments and created Table 3. In addition, we included the ACRW method for comparison.
It can be observed that while the ACRW method considers the noise in the scene and
shows some improvement in accuracy, it does not achieve the same level of precision as

ERHEC-NI.

TABLE 2. Accuracy of different methods

Maximum Error Minimum Error Average Error Standard Deviation

Method

(in mm) (in mm) (in mm) (in mm)
Tsai [11] 1.661 1.530 2.642 0.841
Navy [12] 5.168 0.811 2.807 1.095
Inria [13] 5.168 0.811 2.808 1.095
Dual Quaternions [20] 4.349 0.721 2.553 0.896
ACRW [24] 1.849 0.799 1.283 0.388
ERHEC-NI 1.060 0.047 0.440 0.258

The experimental results presented in Table 3 further validate our ideas, demonstrating
that ERHEC-NI exhibits better accuracy, robustness, and stability when faced with real-
world noise scenarios. These characteristics make ERHEC-NI well-suited for practical
applications, as it can be deployed more directly and efficiently, meeting the demands of
real-world use. However, it is imperative to acknowledge that our model entails certain
complexities in terms of algorithmic implementation, as it involves additional steps com-
pared to conventional approaches. Nonetheless, it is worth noting that the time-related
limitations of our methodology are unlikely to exert detrimental effects, given that hand-
eye calibration is not a task necessitating frequent repetition.

5.4. Discussion. ERHEC-NI uses the Tsai method to obtain an initial estimate of the
hand-eye matrix. It then employs the idea of incorporating noise information into the
initial estimate to fine-tune and optimize the hand-eye matrix, thereby achieving a closer
value to the ground truth. From both the principles and applications of calibration,
it is evident that the accuracy of hand-eye calibration algorithms primarily relies on the
accuracy of the robotic arm’s motion and camera extrinsic calibration. It is also influenced
by factors such as the precision of the depth of target points, camera intrinsic parameters,
and unquantifiable noise in the scene. Essentially, ERHEC-NI couples all the noise of
the hand-eye system onto the hand-eye matrix. This enables the hand-eye matrix to
adapt to the noise generated by all hardware components and scene factors, leading to an
overall improvement in system accuracy through self-learning and adaptive optimization
of the hand-eye matrix. This approach mitigates the significant reliance on the quality of
calibration information in previous methods and addresses the difficulty in handling noise.
Moreover, ERHEC-NI is characterized by low cost, high efficiency, and better suitability
for practical applications.

6. Conclusions. In this paper, we focus on the problem of how to obtain a hand-eye
matrix with good robustness. Previous methods were unable to effectively handle various
noise that interfere with the hand-eye matrix in practical applications. To address this
issue, we propose a model named ERHEC-NI, which obtains a hand-eye matrix with
enhanced robustness by fusing noise information. Specifically, in this work, we first obtain
an initial value of the hand-eye matrix using the Tsai method. Then, we incorporate the
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noise information of sample points into the hand-eye matrix, aiming to refine the initial
estimate and obtain an approximation closer to the ground truth. Results from numerical
simulations and experimental validations demonstrate the superiority of the ERHEC-NI
method compared to other algorithms.
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