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Abstract. Bayesian optimization (BO) needs a large number of sample points to find
the ideal solution in the case of high-dimensional objective function, and it is tough to
achieve good optimization outcome in practical applications. To deal with the above is-
sues, this paper applies and explores how to improve BO algorithm with Probabilistic
Trust Region (PTR). The PTR algorithm is designed to address the issue that the tra-
ditional Trust Region (TR) algorithm takes a long time to solve the subproblem. The
probabilistic interpolation strategy is adopted to select the overlapping points with good
properties of interpolation points set, and the initial augmenting Lagrange multiplier is
modified to reduce the iterative time of TR. Then, two PTRs with dynamic size change
are used to control the approach to focus more on partial search without losing the ability
of global optimization. One PTR is centered on the current optimal solution and trains
the Gaussian process inside the sphere. The new evaluation points selected by the other
PTR during each iteration are located within the hyperrectangle. Nextly, the method of
random search is adopted to optimize the collection function, which avoids the cost of
optimizing the collection function. The experiment indicates that the gap measurement
degree of the designed algorithm PTRBO is 0.84, which is higher than the comparison
model. The experimental outcome is consistent with theoretical analysis, implying that
PTRBO has good global optimization ability and robustness.
Keywords: Bayesian optimization; Probabilistic interpolation; Trust region; Random
search; Acquisition function

1. Introduction. Stochastic optimization problems are ubiquitous in actual production
and engineering practice, such as logistics and supply chain [1], manufacturing [2], etc.
However, in complex system design and engineering practice, the establishment of accurate
and reliable simulation models usually requires a large amount of test data support, and
complex test processes require expensive costs. For such complex design problems with
black box and high evaluation cost, Bayesian Optimization (BO) method can efficiently
search the design space and find the optimal or near-optimal solution on the basis of a
small amount of sample data through the modeling method based on Bayesian inference.
Effectively resolve the trade-off between high test costs and accurate simulation models.
With the research and growth in recent years, BO algorithm has become one of the
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mainstream methods in the fields of stochastic simulation [3], machine learning [4] and
reinforcement learning [5].

1.1. Related work. Haskell et al. [6] first proposed the framework of modern BO and
used Wiener process to solve the optimization problem under one-dimensional constraints.
Mockus [7] proposed kriging, an algorithm that uses linear model modeling to solve high-
dimensional optimization problems, and adopts Gaussian process to model the problems.
At the same time, a BO algorithm using Gaussian process for problem modeling has
been widely applied to gradient-free information optimization and experimental design
and other related problems [8], and has achieved brilliant results in practical application
and theoretical innovation. Moriconi et al. [9] used the Gaussian confidence upper bound
information as the acquisition function for the BO algorithm of Gaussian process model-
ing. In theory, the number of iterations is sublinearly related when solving the algorithm.
Obayya et al. [10] proposed the hyperparameter adjustment of CNN and other machine
learning algorithms by using the BO algorithm of Gaussian process modeling.

Furthermore, BO is mainly used to solve the problem of low-dimensional optimization,
but it is challenging to extend BO to high dimensions and a large number of sampling
points. With the increase of the target operation domain’s dimension, the size of the
search space increases exponentially, resulting in a dimensional disaster. Luong et al. [11]
decomposed the original high-dimensional target operation into numerous low-dimensional
operations, then optimized the collection function with an efficient information transfer
algorithm. Wang et al. [12] adopted a Fourier feature approximation approach to ap-
proximate the exponential square covariance function, and the approximate error would
decrease exponentially with the increase of the amount of features. In addition, the work
of extending BO to higher dimensions also includes [13, 14, 15].

In these methods, the high-dimensional objective function can be decomposed into a
series of low-dimensional subfunctions. However, due to the existence of a large number
of Gaussian processes, it is not feasible to sample a large number of algorithms. In
addition, it is often difficult to optimize non-convex acquisition functions when using BO
for high-dimensional problems. To cope with the above issues, gradient method [16],
quasi-newton method [17] and Trust Region (TR) method [18] are the most important
optimization methods. For the optimization of unconstrained optimization problems, TR
method opens up a new idea for BO because of its good convergence and robustness.
Liu [19] adopted TR-based Gaussian process as a probabilistic proxy model. Zhou [20]
suggested a TR based BO algorithm, which simultaneously solved a large number of
observation points, high dimensionality of input variables of the objective function, and
batch generation of sample points with balanced diversity and accuracy. In addition,
Diouane [21] offered TREGO, a local BO algorithm based on TR, which showed better
performance when BO was used to process high-dimension and a large number of sampling
points.

1.2. Contribution. Through the analysis of the research status, it can be seen that there
is no general agent model in the existing BO that can be applied to different optimiza-
tion problems, and it is difficult to deal with high-dimensional black box optimization
problems, resulting in low global optimization ability. Therefore, this paper designs an
improved BO algorithm based on TR algorithm with good convergence. Firstly, the
Probabilistic Trust Region (PTR) algorithm is designed. By establishing the constraint
violation function, the probabilistic interpolation strategy is used to select the overlapping
points with good properties of the interpolation points set. By analyzing the relationship
between the update of the model between the iteration of TR algorithm and the initial
multiplier of the next iteration, the iteration times and iteration time of TR are reduced.
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Then, two dynamic PTRs are used to control the algorithm, and one TR is used to limit
the amount of instances used to train the Gaussian pass in the iterative process. An-
other PTR is adopted to limit the amount of the search space to generate new sample
points. Finally, the random search method is used to optimize the collection function,
and the sampling point is extended to batch sampling, which reduces the algorithm over-
head. Theoretical analysis and experimental outcome indicate that the designed PTRBO
algorithm has stronger local search and global optimization capabilities.

2. Theoretical analysis.

2.1. Bayesian optimization. Different from some traditional model methods, BO is
based on probabilistic modeling and is used to solve complex optimization problems with
black box and high evaluation cost [22]. The black box function diagram is shown in
Figure 1. When the dimensionality of the objective function is not high, BO can find the
ideal solution with only a few iterations, but for optimization problems with high dimen-
sionality, BO performs poorly. This paper will use the optimized trust region algorithm
to improve its optimization performance. The BO method includes the proxy model of
the objective function and the collection function.

Black box functionInput OutputBlack box functionInput Output

Figure 1. Diagram of black box function

(1) The proxy model can be categorized into parametric model and non-parametric
model in terms of the amount of model parameters. The normally used parametric models
contain Betta-Bernoulli model and linear model, etc., while the non-parametric models
include Gaussian process and random forest, etc. Among them, the Gaussian process
based on probability theory has universality and efficiency compared with other models,
and is widely used in BO [23].

(2) The collection function is a function used to effectively explore the state space in
the information of the agent model. In BO, the selection of the obtaining function is
usually relied on the uncertainty of the agent model, the approximation accuracy, and the
nature of the objective function.

2.2. Trust region algorithm. TR algorithm in the optimization algorithm process to
find the displacement of each iteration, and then determine the new iteration point, and
the traditional linear search method is different from the ordinary linear search is to first
generate the search direction, and then determine the search step size, and TR is directly
to determine the displacement to produce a new iteration point. Therefore, TR is a good
local optimization method, especially for some optimization problems with very stable
performance [24].

Generally, TR is a polycellular body focused on the existing optimal search, and its
scale is constantly adapted with the epochs of the approach, as implied in Figure 2. The
essence of TR is to improve a relatively easy partial approximation of the original target
operation, and the initial issue is transformed into an improved issue with constraints.

min
d

mk(d) = fk + gTk d+
1
2
dTBkd s.t. ∥d∥ ≤ ∆k (1)
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where fk, g
T
k and Bk respectively represent the value of the objective function f(x) at

the current iteration point xk, the gradient and the approximation matrix of the Hesse
matrix, and ∆k represents the radius of the TR.

Trust region

Line search direction

Contours of  mk

Contours of  f

Trust region step

Trust region

Line search direction

Contours of  mk

Contours of  f

Trust region step

Figure 2. Schematic diagram of TR algorithm

Assuming that sk is the solution to the above issue, the values of the evaluation function
rk below are used to determine the values of the next iteration point xk+1 and the new
TR radius ∆k+1.

rk =
f(xk)− f(xk + sk)

mk(d)−mk(sk)
(2)

The larger the value of rk, the better the current approximation of the objective function.
Through rk, sk and ∆k in the iteration process, and the hyperparameter λi is required in
the adjustment algorithm, the selection strategy for the next iteration point is shown as
follows.

xk+1 =

{
xk + sk, rk ≤ λi

xk, rk ≥ λi

(3)

3. Trust region algorithm optimization based on probabilistic interpolation
strategy.

3.1. Selection of iteration points by trust region algorithms. The traditional TR
algorithm first constructs the approximate model of the original problem from the given
initial point, and then iteratively solves the sub-problem in TR to find the global mini-
mum point of the original problem. This further increases the amount of computation.
To address the above issues, this paper suggests probabilistic TR (PTR), and uses prob-
abilistic interpolation (PT) strategy [25] to screen the set of interpolation points and find
the iteration points with good properties to speed up the decline of function values. In
order to reduce the time of solving the subproblem, the deficiency of the initial value
returned by the Lagrange multiplier is corrected.

In the iterative process of traditional TR algorithm, many intermediate iteration points
are interpolating points, which lacks full use of the information of the existing interpolating
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points. To solve this issue, this paper establishes the constraint violation function, uses
PT strategy to construct the constraint violation function l and the constraint function
obstacle critical value kmax, so that the less feasible point meeting certain conditions is
searched as the intermediate iteration point, and gradually reduces the constraint obstacle
critical value, with the aim of the algorithm can quickly find the feasible solution to the
problem. The constraint violation function l :Rn → R+ ∪ {+∞} is the aggregate of all
the constraint violation functions. For example, when the objective function constraint is
ci(x) ≥ 0 (i = 1, 2, . . . ,m) and the interval constraint is x ∈ X, the constraint violation
function is as follows.

l(x) =


m∑
i=1

(
max{−ci(x), 0}

)2
, x ∈ X,

+∞, otherwise.

(4)

The PT strategy relies on the constraint barrier critical value lk to filter out the points
of l(x) > lk first, and then find the iteration points with better properties.

xk = argmin
x∈X

f(x) (5)

where 0 ≤ l(x) ≤ lk, x ∈ X. xk is a point where the value of the objective function is
small, and its equality and inequality constraints are within the acceptable range. xk is
regarded as a better point, and lk+1 ≤ lk. Then, under the traditional TR framework, the
algorithm considers the minimization subproblem minGk(x) with the current iteration
point xk as the center and TR radius ∆k > 0.

To facilitate the processing of bound constraints, the constraints ∥x − xk∥∞ ≤ ∆k

and bound constraints of minGk(x) are reduced to the corresponding equivalent form:
l ≤ x ≤ u, where t = 1, 2, . . . , n.

lt = max{ lt − xt
k, −∆k },

ut = min{ut − xt
k, ∆k }

(6)

Meanwhile, the bound constraint l ≤ x ≤ u is transformed into the following form.

gs = xs − ls ≥ 0,

g′s = us − xs ≥ 0
(7)

3.2. Corrections to the initial generalization of Lagrange multipliers. The tra-
ditional TR algorithm does not make reasonable use of the multiplier information output
from the previous iteration when solving the subproblem. To address this deficiency,
this paper uses the PTR algorithm to correct the initial multipliers of the subproblem
augmented Lagrange function, so as to make the solution model simpler. Firstly, the
generalized Lagrange function of minGk(x) is given as follows.

L(x, η, µ, α) = Gk(x) −
p∑

i=1

ηi hi(x) +
p

2

p∑
i=1

h2
i (x)

+
q

2α

q∑
j=1

((
max{0, µj − α gj(x)}

)2 − µ2
j

) (8)

where η ∈ Rp, µ ∈ Rq are augmented Lagrange multipliers and α ≥ 0 is a penalty factor.
The model is then updated using the minimum F-paradigm method, and the set of

interpolated points is updated by changing only one point. At this point, the kth iteration
has dropped the objective function sufficiently to replace yt in the subproblem with x+:

Yk+1 =
(
Yk \ {yt}

)
∪ {x+} (9)
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where the PTR algorithm retains the final multipliers η, µ of the above and the initial
multipliers ηk, µk of the k-th iteration, and at the same time uses η, µ as the initial modified
multipliers ηk+1, µk+1 of the (k + 1)-th iteration for solving the augmented generalized
Lagrange function of the quadratic model Gk+1. Thus, it not only reduces the number
of updating iterations of µ, but also makes the function value of the solved sufficiently
decreasing and accelerates the convergence speed of the algorithm.

Finally, the set of interpolated points and the model are reconstructed. At this point,
Yk does not satisfy equilibrium, and the objective function of the kth iteration does not
decrease sufficiently, even f(x+) > f(xk), that is, solving the subproblem yields a function
value of x+ that is larger than the function value of the iteration point, and it is necessary
to re-construct the interpolated set of points and the model centred at the current iteration
point xk, such that xb = xk. Solve the subproblem of the initial multiplier regression initial
value ηk+1 = η0, µk+1 = µ0. The PTR radius ∆k is updated by calculating the ratio r as
shown below.

r =
f(xk)− f(x+)

Gk(xk)−Gk(x+)
(10)

4. Bayesian optimization algorithm based on probabilistic trust region.

4.1. Design of sampling method. Based on the PTR designed above, this paper ap-
plies it to the BO algorithm for optimization, using two dynamically varying sizes of PTRs
to control the BO algorithm to focus more on local search without losing the ability to
optimize globally, with one reliance domain adopted to limit the amount of instances used
to train the Gaussian progress during iteration, and the other reliance domain adopted
to limit the size of the search space that generates new sampling points. The last step is
to use a stochastic search. Finally, a stochastic search is used to optimize the collection
function, avoiding the cost of improving collection operation. The suggested PTRBO
approach is shown in Figure 3

Bayesian optimization based on 

probabilistic trust domains

Local Gaussian process fitting

the first m acquisition functions 

are selected as the next 
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mixed sampling
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Figure 3. The flow of the PTR optimized BO algorithm

In the Bayesian equation of P (x | y) = P (y|x)∗P (x)
P (y)

, the denominator P (y) can be written

as P (y) =
∫
P (y | x) ∗ P (x) dx when the variables x, y are continuous random variables.

Since there are integrals in P (y), there are only a few types of distributions for which P (y)
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has an analytic solution, and it is therefore difficult to compute integrals with respect to
P (y) directly, which is achieved by sampling methods [26].

In this paper, hybrid sampling based on rejection sampling [27] and importance sam-
pling [28] is used to sample distributions that satisfy certain conditions and are easy to
sample, which is not only easy to implement, but also obtains high sampling efficiency
by extending it to the case of high-dimensional random variables. For any distribution
f(x) that needs to be sampled, choose an easy-to-sample distribution g(x) (e.g., normal
distribution) such that there exists a constant c, and satisfy the condition f(x) ≤ c g(x)
for any x. Then sample the distribution g(x) and accept the sampling point according to
a certain strategy, the main steps are as follows.
(1) Reject sampling of the distribution g(x) to obtain sampling point xi.
(2) Importance sampling is performed in the interval (0, 1) to obtain the sampling point
x∗. Assume that the expectation of the sampling requirement is as follows.

E(f) =

∫
p(x) ∗ f(x) dx (11)

where p(x) denotes the probability density function of the random variable x. Equation
(11) can then be transformed as bellow.

E(f) =

∫
p(x) ∗ f(x) dx =

∫
p(x)f(x)

q(x)
q(x) dx (12)

where q(x) denotes the probability density function of the standard normal distribution,

such that Y = p(x)f(x)
q(x)

. Then the above equation is clearly equivalent to finding E(Y ).

According to the large number theorem, E(Y ) can be calculated by Equation (13).

E(Y ) = lim
n→∞

1

n

n∑
i=1

p(xi)f(xi)

q(xi)
(13)

By taking the corresponding values into the above equation, the expectation of the random
variable can be approximated and the original issue can be addressed.
(3) If x∗ ≤

(
f(xi)

/(
c g(xi)

))
, then accept xi. Otherwise, reject. Keep repeating these

three steps until getting a certain number of sample points.

4.2. Bayesian optimization based on probabilistic trust domains. The perfor-
mance of the BO algorithm depends on the agent model and the acquisition function,
this article will use the PTR algorithm proposed in Section III to optimize the agent
model and the acquisition function, so as to improve the operation efficiency of the BO
algorithm.
(1) Optimization of agent models. In high-dimensional issues, a large amount of sample
points are usually needed to exercise the Gaussian progress in order to achieve the ideal
fitting effect, which will cause the approach’s inefficiency. Motivated from the TR method,
this paper abandons the use of Gaussian progress to suit the target operation globally,
and instead fits it locally. In the process of optimizing the collection function, the solution
space is restricted to a PTR, and a part of the overall data is selected to train the local
Gaussian process. Let the current observed data be D = {(xt, yt)}nt=1, the PTR scale
parameter be φ, and the current optimal solution be xopt, where n stands for the n-th
epoch of the approach, and the set of sample points determined by Equation (14) is used
to train the local Gaussian process.

D′ =
{
(x, y) : ∥x− xopt∥ ≤ ρφ, (x, y) ∈ D

}
(14)

where ρ = maxλi, i ∈ {1, 2, . . . , d}, λi denote the Gaussian progress’ size hyperparam-
eters, and d is the input variable’s dimension of the objective function. ρ enables the
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domain of trust around the partial Gaussian progress to contain the domain of trust
around the acquisition operation. The PTR scale parameter φ keeps changing and keeps
decreasing during the iteration of the algorithm, so that the proposed local Gaussian
process is much less than the global Gaussian process in terms of the number of sample
points for training the Gaussian process, which saves a lot of computation time.
(2) Optimization of the acquisition function. In order to focus more on local search and
global optimization, it is necessary that the next sampled points are generated as close
as possible to the current optimal solution. Suppose that the PTR is a hyper-rectangle
centered on A and of size B. The length of the edges of each dimension of the hyper-
rectangle is as follows.

L(i) =
(
λ(i) φ

)1/d ( n∏
j=1

φ(j)

)
(15)

Then the Gaussian confidence upper bound is used as the initial collection function, and
the point set {xi}ni=1 is generated by uniform sampling in the search space Ω̂ of the collec-
tion function aucb(x;Dn), which is brought into the collection function with the posterior
distribution mean µn(x) and variance δn(x) to get the corresponding function values
{µi}ni=1 and {δi}ni=1, respectively, and the posterior mean and variance are normalized
using the minimum-maximum normalization to get the mean {µ′

i}ni=1 and the variance
{δ′i}ni=1 to get the final value of the collection function as shown below.

ai = µ′
i + βn δ

′
i (16)

To produce m candidate points sequentially, {ai}ni=1 is sorted in ascending order, and the
point set consisting of xi related to the first m acquisition operation values ai is selected
as the next evaluation point.

4.3. Algorithm analysis. The PTR algorithm proposed in Section 3, which ensures that
the solution found is not only globally convergent but also locally exploitable, and the BO
algorithm for the PTR improvement described above should also be globally optimizing in
nature. Mapping the region of definition of the target operation to the space Ω = [0, 1]d,
the optimal search is xopt and the PTR scale parameter is φ.

Ωgp = {(x, y) | ∥xopt − x∥2 < φ, (x, y) ∈ D} (17)

Ω = {(x2, y) | x(i) ∈ [ℓ, u], (x2, y) ∈ D} (18)

where ℓ(i) = x
(i)
opt − λ(i)φ

/(∏n
j=1 λ

(j)
)1/d

, u(i) = x
(i)
opt + λ(i)φ

/(∏n
j=1 λ

(j)
)1/d

super-

script j denotes the component of the j-th dimension.
Proposition: assume that event Ωgp ̸= ∅ is y and event {(xi, yi) | (xi, yi) ∈ Ωgp, (xi, yi) /∈
Ω} ̸= ∅ is x. Then there is limφ→0 P (x | y) = 0.
Proof: the PTR of a partial Gaussian progress is a ball focused on xopt with radius ηφ.
The ball’s volume is as follows.

V =
πd/2(ηφ)d

Γ(1 + d/2)
(19)

The PTR around the obtaining operation is a hyper-rectangle with each aspect of L(i) =
λ(i)φ

(
∏n

j=1 λ
(j))

1/d . Since the region of definition of the target operation is [0, 1]d, take L(i) = 1

when L(i) ≥ 1, noting that A = {1, 2 . . . , d}, is discussed in the following two cases.
(1) The volume of the L(i) < 1, i ∈ A, hyperrectangle is φd. Assuming that the sampling

points not in Ω̂gp are consistently allocated in Ω̂, the probability of an observation not in
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Ω̂gp can be obtained as follows.

P (x | y) = V − φd

1
=

(
πd/2ηd

Γ(1 + d/2)
− 1

)
φd. (20)

Clearly when φ → 0, there is limφ→0 P (x | y) = limφ→0

(
πd/2ηd

Γ(1+d/2)
− 1
)
φd = 0.

(2) Existing i ∈ A such that L(i) ≥ 1, if ∀i ∈ A, has L(i) ≥ 1. Suppose that existing
the set B ̸= ∅, ∀i ∈ B ⊂ {1, 2, . . . , d}, both with L(i) = 1, then the magnitude of the
hyperrectangle at this point is as follows.

V ′ = φ|A|−|B|
∏

i∈A−B λ(i)(∏n
j=1 λ

(j)
)1/a (21)

Let ζ =
∏

i∈A−B λ(i)

(
∏n

j=1 λ
(j))

1/d , O = |A| − |B|, ζ and O be constants, then P (x | y) = V−ζ φO

1
=

πd/2(ηφ)d

Γ(1+d/2)
− ζ φO can be computed to obtain the following equation.

lim
φ→0

P (x | y) = lim
φ→0

(
πd/2(ηφ)d

Γ(1 + d/2)
− ζ φα

)
= 0. (22)

It follows that when the PTR scale parameter is decreasing, then the optimized BO
converges more and more to a primitive BO with a decreasing solution space, making
the PTRBO increasingly focused on local exploitation. Conversely when the PTR scale
is not so small, this also gives the approach the ability to explore globally as the serach
space and the PTR space used to determine the data points of the training local Gaussian
process do not exactly overlap.

5. Experiments and analysis of results.

5.1. Test problem analysis. This article takes DTLZ, the most widely used test prob-
lem set in the field of high-dimensional objective optimization, as an example to estimate
the effectiveness of the designed PTRBO approach.To effectively compare the advantages
and disadvantages of the algorithms and reduce the interference of random factors in
the experiments, this paper uses the evaluation indexes of Inverse Generation Distance
(IGD) and Hyper Volume (HV) to evaluate the convergence of the algorithms and the
distribution of the problem sets, respectively.

To fairly compare the feasibility of various methods on Bayesian algorithms, compar-
isons are made with the ACABO method in the literature [11], the TRPBO method in
the literature [20], and the TREGO method in the literature [21].The number of decision
variables in the DTLZ and their associated parameters are referred to the literature [29].
All relevant algorithms are written in MATLAB R2019a and experimentally simulated on
a computer with Intel Core i7 16.00 GHz CPU and 16.0 GB RAM. Each algorithm was
run independently 50 times on each test problem and the average of the 50 results was
taken as the final result.

Table 1 and Table 2 give the comparative outcome of the IGD and HV metrics obtained
by the 4 in the algorithms on the DTLZ{1,2,3} test function when they have 5 objectives
and 10 objectives, respectively. The optimal results for each instance in the table are
marked in bold. The symbol ‘+’ implies that the comparison method is significantly
better than PTRBO; the symbol ‘-’ implies that the comparison method is worse than
PTRBO; the symbol ‘=’ indicates that the two algorithms are equally effective.
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Table 1. TABLE 1. IGD mean obtained by each algorithm on the DTLZ test
suite

Test question Number of targets ACABO TRPBO TREGO PTRBO

DTLZ1 5 0.6853 (-) 0.7224 (-) 0.8944 (=) 0.8944
DTLZ1 10 0.8517 (-) 0.8582 (-) 0.8469 (-) 0.9324
DTLZ2 5 0.0095 (-) 0.0109 (=) 0.0118 (+) 0.0109
DTLZ2 10 0.7106 (-) 0.8253 (-) 0.6014 (-) 0.9621
DTLZ3 5 0.5112 (-) 0.6133 (-) 0.5886 (-) 0.6451
DTLZ3 10 0.0042 (-) 0.0061 (-) 0.0074 (-) 0.0079

As can be seen from Table 1 and Table 2, PTRBO achieved 5 optimal IGD results
and optimal HV results out of 12 algorithms, and TREGO followed with 2 optimal HV
results. PTRBO also has a big advantage in high-dimensional problems, for the DTLZ{1}
test problem, which is a linear problem, although the convergence is not as good as
that of TRPBO in low- dimensional problems, but the distribution of the optimal set
of solutions is more uniform compared to that of ACABO and TREGO. DTLZ{2} is a
concave problem and TREGO outperforms PTRBO in dimension 5 due to the fact that
TREGO employs randomized weights, where each time the TR is computed it randomly
generates weights for all individuals with different objectives leading to a more significant
diversity of solution sets and distributional effects for the same number of computations.
However, the optimization effect of PTRBO increases significantly when the dimension
is increased to 10, which indicates that its global search ability is stronger when the
dimension is higher. DTLZ{3} is a degenerate problem, and PTRBO still shows better
convergence ability, which indicates that PTRBO is very effective.

Figure 4 demonstrates the discretization of the results achieved by the different algo-
rithms on the DTLZ, the HV metrics reflect the excellent performance of PTRBO in
the DTLZ test set, which can take into account both diversity and convergence, with
PTRBO having the highest value of HV and a higher median value of HV than the other
algorithms. PTRBO not only optimizes the TR algorithm by using the PT strategy,
which makes the TR algorithm able to find the local optimal solution quickly, but also
further improves the BO by PTR, which enhances the global searching ability, so that
the measured performance indexes of PTRBO are better, and the distributability ability
is stronger.

5.2. Performance comparison and analysis. Given that the PTRBO optimization
process is essentially a probabilistic search, this paper compares the performance of dif-
ferent methods using a combination of Gap Metric (GM) and RMSE, and a comparison
of the gap metrics of the four different algorithms is shown in Figure 5. GM is an im-
portant index to measure the global optimization ability, the larger the GM, the better
the optimization effect. From the overall point of view, the GM of the four optimization
algorithms have a certain convergence trend, and the degree of GM of PTRBO is higher
than the other three algorithms, and when the number of iterations is 80, the GM of
ACABO, TRPBO, TREGO and PTRBO are 0.76, 0.75, 0.79, 0.84, respectively, and the
best experimental outcome is obtained.
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Figure 4. DTLZ test set HV box diagram
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Figure 5. GM for four algorithms

In addition, to verify the effectiveness of PTRBO in a multi-dimensional comparison,
RMSE was used for comparative analysis, as shown in Figure 6. From the overall trend,
there is a certain convergence trend in the RMSE of the four optimization algorithms,
and the RMSE value of PTRBO is 0.23, which is 0.17, 0.19, and 0.07 lower than that
of ACABO, TRPBO, and TREGO, respectively. In the early stage of the iteration, the
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RMSE result of PTRBO is not the best, but as the number of iteration increases (after
about 70 times), PTRBO consistently outperforms the other three algorithms. However,
as the number of iterations increases (after about 70 iterations), PTRBO consistently
outperforms the other three algorithms. This further implies that the PTRBO has strong
optimization ability and robustness.
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Figure 6. RMSE for four algorithms

6. Conclusion. BO is an efficient black-box optimization algorithm that usually works
well in cases where the dimensionality of the objective function is not high, but scaling
it to higher dimensions is not so easy. In this paper, PTRBO is proposed based on the
ideas of probability theory and TR. Firstly, the PTR algorithm was designed to filter the
iteration points using the PT strategy before solving the subproblems, and then the initial
augmented Lagrange multipliers for solving the subproblems were modified to reduce the
number of iterations and iteration time of the algorithm. Two PTRs with the same
scale parameter are then used to control the algorithm, allowing the PTRBO to focus on
local search and global optimization. One PTR is a ball centered on the current optimal
solution with a dynamically changing scale parameter as the radius, and the data for
training the Gaussian process are observation points located inside the ball, effectively
reducing the number of sample points; the other PTR is a hyper-rectangle around the
current optimal solution, and the new evaluation points selected during each iteration
are located inside the hyper-rectangle. The experimental results imply that the GM and
RMSE of PTRBO are 0.84 and 0.23, respectively, demonstrating strong optimization
capability and robustness.
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